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Chapter 8

UNIFORM CONVERGENCE

8.1. Introduction
We begin by making a somewhat familiar definition.

DEFINITION. Suppose that f,, : X — C is a sequence of functions on a set X C R. We say that the
sequence f, converges pointwise to the function f : X — C if for every z € X, we have

‘fn(x)_f(x)‘—)() as n — oo.

EXAMPLE 8.1.1. Let X = [0,1]. For every n € N and every = € [0,1], let f,(z) = 2™. Then for every

€ [0,1], fu(x) — f(x) as n — oo, where f(z) =0if 0 <z < 1 and f(1) = 1. Note that each of the
functions f,(z) is continuous on [0, 1], but the limit function f(z) is not continuous on [0, 1]. Hence the
continuity property of the functions f,(z) is not carried over to the limit function f(z).

To carry over certain properties of the individual functions of a sequence to the limit function, we
need a type of convergence which is stronger than pointwise convergence.

DEFINITION. Suppose that f,, : X — C is a sequence of functions on a set X C R. We say that the
sequence f, converges uniformly to the function f: X — C if

sup | fn(z) = f(x)] — 0 as n — oo.
zeX

EXAMPLE 8.1.2. In Example 8.1.1, we have f,(x) — f(z) pointwise in [0,1]. However, if 0 < z < 1,
then | fn(z) — f(z)| = 2™ and so

sup |fn(z) — f(2)| > sup [fu(x) — f(2)]= sup 2" =1
z€[0,1] z€[0,1) z€[0,1)

for every n € N. It follows that f,(z) — f(z) as n — oo, pointwise but not uniformly on [0, 1].
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REMARK. Pointwise convergence means that given any ¢ > 0, for every x € X, there exists N = N (¢, x)
such that

[fnlz) — f(z)| <€ whenever n > N (e, ).

Uniform convergence means that given any e > 0, there exists N = N(e), independent of x € X, such
that

|fr(x) — f(z)] <€ whenever n > N(e) and z € X.

8.2. Criteria for Uniform Convergence

We shall first of all extend the General principle of convergence to the case of uniform convergence.

THEOREM 8A. (GENERAL PRINCIPLE OF UNIFORM CONVERGENCE) Suppose that f,, is
a sequence of real or complex valued functions defined on a set X C R. Then f,(x) converges uniformly
on X asn — oo if and only if, given any € > 0, there exists N such that

sup |fm(x) — fn(z)] <e whenever m >n > N.
reX

PROOF. (=) Suppose that f,(z) — f(x) uniformly on X as n — oco. Then given any e > 0, there
exists IV such that

sup |fu(z) — f(2)] < 3e whenever n > N.
zeX

It follows that
[fm(z) = fo(@)] < |fm(z) = f(2)| + |fu(z) — f(z)] <e  whenever m >n > N and z € X,

and so

sup |fm(z) — fu(z)| <e whenever m >n > N.
reX

(<) Since R and C are complete, for every x € X, the sequence f,(z) converges pointwise to a
limit f(x), say, as n — oco. We shall show that f,(z) — f(z) uniformly on X as n — oo. Given any
€ > 0, there exists N such that for every x € X,

| frm(2) — fr(2)] <€ whenever m >n > N.

Hence for every x € X,

If(z) = fu(z)| = lm |fi(x) — fulx)] <€ whenever n > N,

m—00

so that

sup |fn(z) — f(2)] <€ whenever n > N.
z€X

Hence f,(xz) — f(z) uniformly on X asn — co. &

We next turn our attention to series of real or complex valued functions.
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DEFINITION. Suppose that u,, is a sequence of real or complex valued functions defined on a set X C R.
We say that the series

oo

D un(@)

n=1

converges uniformly on X if the sequence of partial sums

N
= Z Un(z)

converges uniformly on X.
We have the analogue of the Comparison test.

THEOREM 8B. (WEIERSTRASS’S M-TEST) Suppose that u,, is a sequence of real or complex
valued functions defined on a set X C R. Suppose further that for every n € N, there exists a real
constant M, such that the series

>,

n=1

is convergent, and that |u,(z)| < M, for every x € X. Then the series

converges uniformly and absolutely on X.

PrOOF. Given any € > 0, it follows from the General principle of convergence for series that there
exists IV such that
Mpyjy1+ ...+ M, <e whenever m > n > N.

It follows that
|$m () — sp(z)| < Mpg1 + ...+ M, <ce¢ whenever m >n > N and z € X,

so that

sup |sm(z) — sp(z)| < € whenever m >n > N.
reX

It now follows from Theorem 8A that the series

n=1

converges uniformly on X. Note finally that absolute convergence follows pointwise from the proof of
the Comparison test. &

The General principle of uniform convergence can also be used to establish the following two results.

THEOREM 8C. (DIRICHLET’S TEST) Suppose that a,, and b,, are two sequences of real valued

functions defined on a set X C R, and satisfy the following conditions:

(a) There exists K € R such that |s,(x)| < K for every n € N and every x € X, where s,(x) denotes
the sequence of partial sums s, (x) = a1(z) + ...+ an(z).

(b) For every x € X, the sequence b, (x) is monotomc

(c) The sequence by, ( ) — 0 uniformly on X as n — oo.

Then the series Z an (x)by(z) converges uniformly on X.

n=1
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PROOF. Since b, (z) — 0 uniformly on X as n — oo, given any € > 0, there exists Ny such that

€

b ()] < whenever n > Ny and z € X.

4K
It follows that whenever M > N > Ny, we have
M
> an(@)ba(@)| = |(sn41(2) — sn(@))bygr (@) + .+ (sar(x) — spr—1(2))bar ()]
n=N+1

=|=sn(@)bn+1(2) + sn41(2) (On41(2) — bny2(2)) + - oo+ sm—1(2) (bar—1(z) — bar () + sar ()b (2)]
< K(|bn+1(@)] + [byt1(z) = bnvg2(@)] + - + [bar—1 (@) — bar(@)] + [bar()])
= K([bn+1(@)] + [bny1(z) = bar ()] + [bar (z)]) < 2K (|bnvy1(z)| + [bar(2)]) < e

The result follows from the General principle of uniform convergence. &

THEOREM 8D. (ABEL’STEST) Suppose that a, andb,, are two sequences of real valued functions
defined on a set X C R, and satisfy the following conditions:

o
(a) The series Z an(x) converges uniformly on X.
n=1
(b) For every x € X, the sequence b, (x) is monotonic.
(c) There exists K € R such that |b,(z)| < K for every n € N and every x € X.

Then the series Z an (x)by,(z) converges uniformly on X.

n=1

PRrROOF. Given any € > 0, there exists Ny such that

m

Z an(z)

n=N+1

<3_K whenever m > N > Ny and z € X.

In other words, writing s, () = a1(z) + ... + an(z), we have

[$m(x) — sy (z)] < - whenever m > N > Ny and z € X.

3K
It follows that whenever M > N > Ny, we have
M M
Z U ()b ()| = Z (sm(x) = sm—1(2))bm(x)
m=N-+1 m=N-+1
M
=1 3 (@)~ sx(@) ~ (smr (@) — s (@) (a)
m=N+1
M M-—1
Y (@) — v @) = > (@) — sx (@) (@)
m=N+1 m=N+1
M-—-1
< Y lsm(@) = sn(@)|[bn(@) = b (2)] + [sar (@) = sn ()] [bar ()]
m=N+1

M-1
€ €
<3K Z b () — bt ()] + 3—K|5M($)|

m=N-+1
M—-1
- mgvjﬂwm(z) = b (@) + 57l (@)
= s lbv+1(@) — bur (@) + gplba (@)
< g (b (@)] + 2y (@) < e

The result follows from the General principle of uniform convergence. &
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8.3. Consequences of Uniform Convergence

In this section, we discuss the implications of uniform convergence on continuity, integrability and
differentiability. To answer the question first raised in Section 8.1, we have the following result.

THEOREM 8E. Suppose that a sequence of functions f, : X — C converges uniformly on a set
X C R to a function f : X — C as n — oo. Suppose further that ¢ € X and that the function f, is
continuous at ¢ for every n € N. Then the function f is continuous at c.

REMARK. The conclusion of Theorem 8E can be written in the form

lim lim f,(x) = lim lim f,(x).

Tr—CN—00 n—oo r—=«C

Theorem 8E then says that if the sequence of functions converges uniformly on X, then the order of the
two limiting processes can be interchanged.

PROOF OF THEOREM 8E. Given any € > 0, there exists n € N such that

sup | f () = f(@)] < .

zeX

Since f, is continuous at ¢, there exists § > 0 such that
|fn(x) — fule)| < % whenever |z — ¢| < 4.
It follows that whenever |z — ¢| < , we have
[f(@) = f() < |f (@) = fu(@)] + [fnlz) = frl)] + [ fule) = Fo)] <e
Hence f is continuous at c. &
We immediately have the following corollary of Theorem SE.

THEOREM 8F. Suppose that u,, is a sequence of real or complex valued functions defined on a set
X C R, and that the series

D un(@)

n=1

converges uniformly to a function s(x) on X. Suppose further that ¢ € X and that the function w,, is
continuous at ¢ for every n € N. Then the function s is continuous at c.

We next study the effect of uniform convergence on integrability.

THEOREM 8G. Suppose that f, is a sequence of real valued functions integrable over a closed
interval [A, B]. Suppose further that f, — f uniformly on [A, B] as n — oo. Then the function f is
integrable over [A, B], and

B B
/ f(z)dz = lim fn(z) da. (1)
A

n—oo A
REMARK. The conclusion of Theorem 8G can be written in the form

/B ( lim fn(a:)) dz = lim AB fn(x)da.

A n—o0 n—oo

Theorem 8G then says that if the sequence of functions converges uniformly on [A, B], then the order
of integration and taking limits as n — oo can be interchanged.
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PrOOF OF THEOREM 8G. Given any € > 0, there exists N € N such that

€
su () — flo)] < ———— whenever n > N. 2
5 1) = ) < 5 2)

It follows in particular that
fN(SC) — m < f(I) < fN(I) + m whenever r € [A, B]

Hence for any dissection A of [A, B], we have

s(fn, 8) = 5 < s(f,4) <S(f,8) <S(fn, A) +

€
37

Wl m

so that 5
S(F.8) = s(£,8) < S(fn. A) = s, A) + T

Since fy is integrable over [A, B], there exists a dissection A of [A, B] such that

S(fn,A) —s(fn,A) < so that S(f,A)—s(f,A) <e.

<
37

Hence f is integrable over [A, B]. On the other hand, it follows from (2) that

/AB frn(x)de — /AB f(z)dx

The assertion (1) follows immediately. &

B
S/ [fr(x) — f(z)|dx < € whenever n > N.
A

We immediately have the following corollary of Theorem 8G.

THEOREM 8H. Suppose that u, is a sequence of real valued functions defined on a closed interval
[A, B], and that the series

> un(®)

n=1

converges uniformly to a function s(z) on [A, B]. Suppose further that the function u,, is integrable over
[A, B] for every n € N. Then the function s is integrable over [A, B], and

/B s(z)dz = 2/; Un(z) dz.

A

REMARK. The conclusion of Theorem 8H can be written in the form

/AB (i un(m)> dz — i/AB () da.

Theorem 8H then says that if the sequence of functions converges uniformly on [A, B], then the order of
integration and summation can be interchanged. In other words, the series can be integrated term by
term.

We next study the effect of uniform convergence on differentiability.
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THEOREM 8J. Suppose that f, is a sequence of real valued functions differentiable in a closed
interval [A, B]; in other words, differentiable at every point in the open interval (A, B), right differentiable
at A and left differentiable at B. Suppose further that the sequence f, (o) converges for some xg € [A, B],
and that the sequence f] converges uniformly on [A, B]. Then the sequence f, converges uniformly on

[A, B], and the limit function f is differentiable in [A, B]. Furthermore, for every x € [A, B], we have

f'(x) = lim f(x).

n— oo

REMARK. The conclusion of Theorem 8J can be written in the form

I

( lim fn(a:)) = lim f, ().
n—oo n—oo

Theorem 8J then says essentially that if the sequence of functions satisfies some mild convergence prop-

erty and the sequence of derivatives converges uniformly on [A, B], then the order of differentiation and

taking limits as n — oo can be interchanged.

PROOF OF THEOREM 8J. Suppose that f/ — g as n — oo. Since the convergence is uniform in [A, B],
given any € > 0, there exists N such that

sup ‘frll(x) —g(r)| < ‘ whenever n > N, (3)

[A,B] 4(1+ (B - A))

so that €
[?41,15] | fr (@) = fr.(2)] < 21+ (B—4)

whenever m >n > N.

Suppose that 11,72 € [A, B]. Applying the Mean value theorem to the function f,, — f,, we have

|(frn(m) = fa(m)) = (fm(n2) — fu(n2))] = Im — 772||f1/n(§) - fﬁ(g)\
<\771*772|—2(1+(B_A)) <3 (4)

for some & between 7; and 72. On the other hand, since f,(xg) converges as n — oo, there exists N’
such that ‘
[ frn(x0) — fr(z0)| < 1 whenever m >n > N'.

It follows from (4), with 71 =  and 75 = xg, that

3
[ frm (@) = fr(@)] < |fm(zo) — fulzo)| + % < Ze whenever m > n > max{N, N'},
and so it follows from the Principle of uniform convergence that f,(z) converges uniformly in [A, BJ.
Suppose that f,(x) — f(x) as n — co. Let ¢ € [A, B] be fixed. For every = € [A, B], it follows from (4),
with 171 = x and 7y = ¢, that

fm(x) = fm(c) . fu(®) = fulc)

Tr—cC r—cC

€
< 3 whenever m > n > N,

so that on letting m — oo, we have

f(f)i')—f(C)_fN(JI)—fN(C) <E. (5)
T —c T—c 2
Since fy is differentiable at ¢, there exists d > 0 such that
In@) = Iute) Ino)| < i whenever 0 < |z — ¢| < ¢ and = € [4, B]. (6)
xT—c
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Combining (5), (6) and (3), we conclude that
f(z) = f(e) _g(c>‘ < ’f(x) —fle)  fn(x) = fn(e)

n In(z) — fn(c)

Tr—cC

= In(@)] + [fn(e) —gle)] <€

Tr—cC r—cC Tr—cC

whenever 0 < |z — ¢| < 6 and x € [A, B]. Hence

f'(e) = g(c) = lim f,(c). s

n—oo

We immediately have the following corollary of Theorem 8J.

THEOREM 8K. Suppose that u, is a sequence of real valued functions differentiable in a closed
interval [A, B]. Suppose further that the series

Z Un (xO)

n=1
converges for some xg € [A, B], and that the series
o0
> un(z)
n=1
converges uniformly on [A, B]. Then the series
o0
> e
n=1

converges uniformly on [A, B], and its sum s(zx) Is differentiable in [A, B]. Furthermore, for every
x € [A, B, we have

§(x) =) u,(x).

REMARK. The conclusion of Theorem 8K can be written in the form

Theorem 8K then says essentially that if the series of functions satisfies some mild convergence prop-
erty and the series of derivatives converges uniformly on [A, B], then the order of differentiation and
summation can be interchanged.

8.4. Application to Power Series

Consider a power series in z € C, of the form

o0
Z anz", (7)
n=0

where a,, € C for every n € NU {0}. Recall Theorem 3Q, that if the power series (7) has radius of
convergence R and if 0 < r < R, then the series

oo

D laulr”

n=0
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converges. It follows from Weierstrass’'s M-test that the power series (7) converges uniformly on the set
{z € C: |z] < r}. Suppose now that |z9| < R. Then there exists r such that |z9| < r < R. It follows
from Theorem 8F that the power series is continuous at zg. We have therefore proved the following
result.

THEOREM 8L. Suppose that the power series (7) has radius of convergence R. Then for every r
satisfying 0 < r < R, the power series converges uniformly on the set {z € C : |z| < r}. Furthermore,
the sum of the power series is continuous on the set {z € C: |z| < R}.

We next consider real power series.

THEOREM 8M. Suppose that the real power series

i anx”, (8)
n=0

where a,, € R for every n € NU {0}, converges in the interval (—R, R) to a function f(x). Then f(x) is
differentiable on (—R, R), and

f(z) = Z napz™ L.
n=1

On the other hand, if | X| < R, then
X < )
dx = E — Xt
/0 flw)da ntl

Proor. It is not difficult to see that the power series

Z napz" ! (9)
n=1

converges in the interval (—R, R). It follows from Theorem 8L that the series (9) converges uniformly on
any closed subinterval of (—R, R). The first assertion follows from Theorem 8K. The second assertion
follows from Theorem 8H on noting that the power series converges uniformly on the closed interval with
endpoints 0 and X. &

We conclude this chapter by establishing the following useful result.

THEOREM 8N. (ABEL’S THEOREM) Suppose that the real series
D an
n=0

is convergent. Then

o0 o0
E anxnﬂg an asx —1—.

n=0 n=0
PRrOOF. It follows from Abel’s test that the series
o0
S
n=0

converges uniformly on [0,1]. Let s(x) be its sum. Then it follows from Theorem 8F that s(x) is
continuous on [0, 1]. In particular, we have s(z) — s(1) asx — 1—. &
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PROBLEMS FOR CHAPTER 8

1. For each of the following, prove that the sequence of functions converges pointwise on its domain of

definition as n — oo, and determine whether the convergence is uniform on this set:
nw

8) fule) = —=— on [0,00) b) fulx) = {775y on [0.00)
¢) falw) =a"(1 =) on [0,1] d) folw) = == on (0,1)

e) fo(x) =nze " on [0,1]

2. Suppose that f, and g, are complex valued functions defined on a set X C R. Suppose further that
fn(x) — f(x) and g, (x) — g(x) as n — oo uniformly on X.
a) Prove that af,(z) + Bgn(z) — af(x) + Bg(x) as n — oo uniformly on X for any «, 3 € C.
b) Is it necessarily true that f,(z)gn(z) — f(x)g(x) as n — oo uniformly on X? Justify your
assertion.

3. a) Suppose that f,(z) — f(z) as n — oo uniformly on each of the sets Xi,..., Xy in R. Prove
that f,(z) — f(z) as n — oo uniformly on the union X; U...U X}.
b) Give an example to show that the analogue for an infinite collection of sets does not hold.

o
4. The series Z un(2) is uniformly convergent on a set S C R.
n=1
a) Is the series necessarily absolutely convergent for every x € S7 Justify your assertion.
b) Is the series necessarily absolutely convergent for some x € S? Justify your assertion.

o) 1)
5. Prove that the series nz::l ﬁ converges uniformly on R.

oo

6. Suppose that Z an is a convergent real series.

n=1
[eS)

a) Prove that the series Z anx™ converges uniformly on [0, 1].

n=1

oo
b) Prove that the series Z ann~* converges uniformly on [0, c0).

n=1

7. For every n € N, let f,(z) = n~te %/™.
a) Show that f,(x) converges uniformly on (0, 00).

b) Show that lim / fu(x) dz and / (lim fn(x)) da both exist but are not equal.

xn

1 + 1.271 :
a) For what values of z € R does f,(z) converge? Find the limit function f(z) for these values.
b) Prove that f,(z) converges uniformly on any interval [A, B] in R such that
(i) [A,B] C (—o0,—1); or
(i) [A.B] C (—1,1); or
(iii) [A, B] C (1,00).
c¢) Can f,(z) converge uniformly on any interval I C R such that 1 € I? Justify your assertion.

8. For every n € N, let f, ()



