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6 + Some examples and exercises in this lesson require the use of a calculator
equipped with the inverse trigonometric functions. The inverse sine, cosine
and tangent function keys are usually denoted on keypads by L, L oand L.

These functions are used to determine the measure of an angle o if — « (or o
or «) is known. For example, if a4 . | then a 4 1.4 .205° . Before
executing these functions the reader should ensure that the calculator is in the correct
mode. Degree mode is used throughout this lesson. It should be noted that the general
theory of inverse functions is rather sophisticated and presently lies beyond the scope
of this tutorial.
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Section 2: The triangular definition )

5 - A right triangle with angle « 4 ° has an adjacent side 1 units long
and a hypotenuse 2 units long. Determine a and a. Also, determine I}
and B where 3 denotes the second non-right angle of the triangle. Finally, use a
calculator to determine o and [3.

3" By the Pythagorean Theorem! 2> 4 127 +opp,?, so the length of the side
opposite o is 04 2 units. Consequently,
0a PPy 0 i aa9PPy 9
hyp 2 adj 1
Using a calculator (in degree mode) we find
0
4 - 0.85°.
“ 2
For the angle 3, the roles of adjacent and opposite sides must be reversed. Hence,

1 1
ﬁ4§and 646.

Again, using a calculator we find
g4 ~'1/2 200°.
A sketch of the triangle is given below.

!The lengths of the sides of a triangle satisfy (adj)? + (opp)? = (hyp)Z.



Section 2: The triangular definition 6

53.13°

36.87°_~ &

The reader should observe that
2000°70 .85°4 . °

which serves as a partial confirmation,? but not a guarantee, of the correctness of the
above calculations.

2The values of the three interior angles of a triangle sum to 180 ° . Hence, the two non-right angles
of a right triangle must sum to 90° .



Section 2: The triangular definition 7

5 | A right triangle with angle « 4 O ° has an adjacent side 1 units long.
Determine the lengths of the hypotenuse and side opposite .
dj 1
3' The definition ad a% suggests that 0 °4 ——. So,
hyp hyp
1 1 8
hyp 4 4 — 4 —.
yp4 — o/ 5
o . . ODPD . . .
Similarly, 0 °4 T so the length of the side opposite a is
yp
8
8 1 4
im0 (300 5
0 0 \/5
4

The Pythagorean Theorem provides a quick endorsement of the computed values.
Specifically, note that

1\?2 1 8 \?
2 E— E— — E— E—
17(6>4704 (70)404(6>'
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Section 3: Consistency of the triangular definition
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Section 3: Consistency of the triangular definition 10

5 |/ Consider the right triangle in Figure 3.3. Find the length of the side
adjacent to o if  «40/2.

- 00 '

3' There is no way to compute the length of the adjacent side directly so we first
compute the length of the hypotenuse. From Figure 3.3and the triangular definition
of the sine function we have

opp 5
ad % 4 @
Since a4 g we have
5 40
hyp 2
4 hyp 4 0—2
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The Pythagorean Theorem can now be applied to determine the adjacent side as follows

02\ 2 581 8
o 02 52 /581 8
adj 4 (0) 524 4 0

Of course the fundamental properties of similar triangles could have been used to
solve this problem. Because — « 4 0/2, the given triangle in Figure 3.3 is similar to
the triangle with angle o, a hypotenuse of length 2, and side opposite o of length O. The
similarity of these triangles is illustrated in the figure below. The Pythagorean Theo-

rem indicates that the side opposite a in the smaller triangle has length 2 41 .
7
5
04 3 &
4 adj
Because of this similarity we have the equality
dj 1
A9 4 =
5 0
Solving this equation gives
8
adj4 —.

0



Section 3: Consistency of the triangular definition 12

5 1 Determine the angles 3 and v and the lengths of the sides a and c in
the triangle Figure (a) below.
3 Construct the line segment h that is perpendicular to b connecting the angle

B to the side b as indicated in Figure (b). Doing so forms two right triangles T and
Ty with a common side h and base sides by and by. Since 0 ° 4 h/1 we have

h4l 0 °4 . Also,

soy412°. Since 370 °712°4 8 °, we have 34 8 ° 52°4 2 °. Finally,
bad b 7b,4 0 °7 12 °4+ 07,42 11

S/ NND) 47 N2
30° Y 30°
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Section 4: Law of Sines 14
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Section 4: Law of Sines 15

5 2 Reconsider Example 5. (The figure for that ezample is reproduced below.)
The Law of Sines (Equation 1) facilitates the calculation of the remaining parts of
the triangle since

so that
1+
Hence, v412°. Also, 34 8 ° 52°4 2 ° so that

0_ 4 i 4 bp41 2 °4211

A calculator was used to compute 2 °.

4 7 202
30° Y




Section 4: Law of Sines 16

5 4 Actually, the conditions placed on the triangle in Fxample 6 permit two
solutions when using the Law of Sines. Figure (a) below indicates that the angle
v 412 ° in that example could be replaced with the angle
74+8 ° 4,48 ° 12°4 02 °.
15°

4 202 4
22 02

30 ’ b : 30 135°
1.4641

(@ (b)

In this case

48 ° +02°70 °,4 2 °.
Hence,
b41 2 °4 11 .
The second solution is depicted in Figure (b).
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Section 5: Law of Cosines 18

5 Suppose a triangle has adjacent sides of lengths —and O with an interior
angle of measure « 45 °. (See the figure below.) Then by the Law of Cosines the
length of the side a opposite the angle « is given by

ad /2702 +,40, 5 °
4 2702 1.11
4 8825284 .825

AN

3
Observe that the Law of Cosines can be used to find (3. Indeed,
2 2 2
G4 - b*7 a*7 ¢
ac
0?7 .8 27 2
+.825,+,

4 .0 222



Section 5: Law of Cosines 19

so that
64 1022245 .1 °.

Likewise, since ¢4 a®>7 bV*  ab 7, we see that + v, 4 5518. Hence,
v4 1551840 .28 °.

As a check note that the sum of these three anglesis 5 . ° 8 °. Of course,
the Law of Sines could also have been used to determine the measure of B and . For
example, since

o 5}
4 — "~
a b
we have
5 ° 16} 0O 5 °
4 4 —— 4 12
s .825 8

Hence,
g4 '+128 ,45 .1 °.

Note that this last answer is not exactly the same as that obtained for 3 using the
Law of Cosines. This demonstrates some of the difficulties with numerical calcula-
tions.
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Section 7: Exercises
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Solutions to Exercises
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Solutions to Exercises
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Solutions to Exercises
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Solutions to Exercises
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Solutions to Exercises
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Solutions to Exercises
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Solutions to Exercises
5 1;$< T ( " 0% ad2,b45 adl °%
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g4 %4.8 04 g4 18 041 .122°

v48 ° 1° 1.122°452.8212.

c4 2 52817 521'83120 45215 .
) 1
1 .122° 52 8212
— 4 . 8228 o1t v
¢ % $ L
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348 ° 1.122°4 2 .822°.



Solutions to Exercises
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Solutions to Exercises
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