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Introduction: Aims

Ideas about integration have been around much longer than those of differentiation.
The Greek mathematician Archimedes (3rd Century B.C.) knew how to calculate the
area of a segment of a parabola by “quadrature”, which involved approximation by
regions of known area in much the same way that numerical integration routines like
the trapezium rule do. Integration as the reverse of differentiation was a much later
idea, after the invention of the differential calculus in the time of Newton (17th
Century A.D.). Bringing the two views of integration together was the work of
mathematicians in the 19th Century in particular, culminating in the work of Bernhard
Riemann (1826-1866), whose name is associated with the theory of integration we
shall develop in this section of the course.

The aim of this section of the course is to study the Riemann Theory of integration, to
understand the use of the completeness of the real numbers in formulating the theory,
and to establish the connection with anti-differentiation through the Fundamental
Theorem

Prerequisites: Revision
MAZ201, in particular the section on Real Numbers. Least upper bounds and greatest
lower bounds, their definitions and properties

Definition 1 A set S of real numbersis said to be bounded above if
$KT R,"x1 S,x £ K.
Any such K is said to be an upper bound for S.

Definition 2 Given a set S, bounded above, a number L is said to be a least upper
bound, or supremum, of S if

(a) L isan upper bound for S, and
(b)"e>0,$x1 S,x>L-e.

It can be shown that when a set has a supremum, it is unique. We write L = sup(S).
On the number line we have the following picture:

L-e L some possible values for K

S may have several components T ‘ ‘ ‘
X

Exercise 1 Write down analogous definitions for a set being bounded below, and for
the greatest lower bound (or infimum). We write G =inf(S).Draw an analogous

picture on the real number line.

Click here to see a solution



Upper and lower Riemann sums

The basic idea behind the Riemann integral is that of the area under a curve. We
approximate that area by rectangles, from below and from above, and then say that the
function is Riemann integrable if the approximations can be made as close as we
specify. In order to formulate this idea on a properly analytic basis we need to
introduce some notation and terminology.

Throughout this development we shall restrict ourselves to bounded functions defined
on afinite interval [a,b]. We let m and M denote the greatest lower bound and the |east
upper bound respectively of the function f over the interval [a,b]. Symbolically

m=inf{ f(x):a£x £b} and M =sup{ f(x):a £ x £ b} .

We now need to subdivide the interva [a,b] into small sub-intervals, which will serve
as bases for the rectangles used to approximate to the area. We shall use Greek letters
to denote subdivisions, so

a = (Xg, Xq, Xp,+++, Xn_ 1, Xn ), Where xg = a and x,, =b.

We then need to consider the greatest lower bound and least upper bound of the
function over each of the sub-intervals. So we define

m; = inf{ f(x):x;.1 £x £x} and M; =sup{ f (x):x;.1 £ X £ x;} for LEi £n.
These quantities are illustrated on the diagrams on the next page

The sum of the areas of the rectangles lying below the graph is called the lower sum
corresponding to the subdivision, and the sum of the rectangles enclosing the area
underneath the graph is called the upper sum corresponding to the subdivision. We
introduce the notation for these as follows

n

s(a):én. m; (X - Xi-1); S(a):é M;(X; - Xi.1).

i=1 i=1
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Upper and lower Riemann integral: the Riemann integral defined

The idea now is to see how large the lower sums can become. In analytical terms we
look for the least upper bound of the set of lower sums. To know that this exists we
must first show that this set is bounded above.

Theorem 1 For dl subdivisions a, we have

m(b- a)£s(a)£ M(b- a)and m(b- a) £ S(a) £ M(b- a).

Proof Fori=1...,n, mE£m £ M, andso
on n n
a mxi- xi.) £Q mi(xi- xi.1) £Q M(xi - Xi-1),
i=1 i=1 =1

giving

m(b- a)£s(a) £ M(b- a).

Exercise 2  Write out the version of this proof for upper sums, giving a full
explanation for the last step.

Click here to see a solution

Definition 3 We define the lower and upper Riemann integralsof f by

*

*(‘5f :St;p{s(a)} c‘})f :igf{S(a)}.

b « P
Theorem?2 m(b-a)E Af £M(b-a) and mb-a)f Af £ M(b- a).
Q Q

Proof The corresponding inequalities for all lower and upper sums are true by
Theorem 1, and hence for the lower and upper integral respectively.

Definition 4 The bounded function f is said to be integrable over [a,b] if the upper
and lower integrals are equal. The common vaueis called the integral of f over [a,b].



Calculating Riemann sums: two examples

Examplel Let f(x)=x; [a,b]=[12]. Leta bethesubdivison
i

§1+1,1+3,...,29 e, x =1+
n n g n

m :1+'_—nl; M; :1+%; X; - xi_lz%foreachi.

=

n n n
_2 i-1\1 -8 1., i-1_ -1-3_ 1
s@)=a (1+:Y)i=q t+Q H=1+51=3- 4,

n n
[o] - o] lo) .
S(@)=a (ti)i=atra p=iei =34

=]

il if xisrationa,
Example2 Letf(x)=ji

b]=[0].
Lo ifxisirrational, P[0

For any subdivison a of [0,1], m; =0, M; =1, sos(a)=0and S(a) =1.

b LD _ _
Therefore Qf =0and Qf =1. Sof isnot integrable over [0,1].



Basic properties of upper and lower integrals

In order to show that the definition of the Riemann integral is a good one we need to
establish that it has all the properties we associate with the anti-differentiation version
of the integral. We shall also need to show that the Riemann integral for a function
which has an anti-derivative is given the same value by both methods. This is what the
Fundamental Theorem of Calculus says.

Theorem 3  If b isasubdivision of [a,b] formed by adding a finite number of points
to asubdivision a of [a,b] then s(a) £ s(b) and S(a) 2 S(b).

Proof We prove the case of adding asingle point ¢, where x. , <C <X. .

m;'=inf{ f (x):x;., £ x £¢},
m;"=inf{ f(x):c £ x £ x;},
M;'=sup{ f (x):x;.1 £ X Ec},
M;"=sup{ f (x):c £ x £ x;}.

Then m; £Em;', my £m;", Mi'E M;, M;"E M;.
We then have

mi (Xj - Xi-1) = mi(X; - ¢) +m(C- Xj.1) £ m"(X; - ¢)+m;'(C- Xj_1),
Mi(Xj - Xi-1) = Mi(Xi - ¢) + Mj(c- X;.1)* Mi"(x; - €)+ Mj(c- Xi_q).

Thus s(a) £ s(b) and S(a) 3 S(b).

The case for n points is proved by adding them one at atime (formally by induction).

Continued on the next page



Theorem4 If a<b<c then Qbf+ éf: éf.

Proof Let a,,a, betwo arbitrary subdivisions of [a,b] and [b,c] respectively.

Together they form a subdivision a of [a,c], and we have
\C
s(ag)+s(as)=s(a)t Q f.

Sincethisistruefor al a,,a,, we have

b c C
Qf+ QfE Qf.

Now let b be an arbitrary subdivision of [a,c], and let g be the subdivision formed by
adding the point b. Then g splits into two subdivisons gq,9,0f [a,b] and [b,c]
respectively, giving

b C
s(b) £5(9) = 5(90) +5(02) £ Qf+, Q-
Sincethisistruefor adl b, we have

C b C
QfE Qf+ Qf.

Hence equality.
Exercise 3  Prove the analogous result for upper integrals.

Click here to see a solution

b b
Theorem 5 If a<b then QfE Qf'

Proof If a is any subdivison of [a,b] then s(a) £ S(a).However this is not
sufficient. We need to show that every lower sum is less than every upper sum, the two
sums ranging independently over al possible subdivisons. So let b and g be two
arbitrary subdivisions of [a,b]. Now let a be the subdivision formed by taking al the
pointsof b and gtogether. We than have, using Theorem 3,

s(b)£s(a) £ S(a) £ S(g).
Hence the result.



Integrability

a b a
Definition 5 Qf =0. Ifb<athen wedefinle =- Qf, with smilar

definitions for upper and lower integrals.

Theorem 6  The bounded function f isintegrable over the interval [a,b] if and only
if, for every e > 0, thereisasubdivision a of [a,b] for which S(a) £ s(a) + e.

Proof For every e > 0 there are subdivisions b and g such that
\b * \b
s(b) > Qf - e/2 and S(g) < Qf +e/2.
We now let a be the subdivision obtained by including all the points from b and g. If f

isintegrable then the upper and lower integrals are the same, so
b
S(a) £5(g) < Qf +e/2£s(b)+e/2+e/2£ s(a) +e.
Conversely we have

*\b \b
Qf £S(a)Es(a)+ef Qf +e.

Thisimplies that the upper integral is less than or equal to the lower integral. Theorem
5 gives us the reverse inequality. Therefore the upper and lower integrals are equal,
and sof isintegrable.

Referring back to Example 1 we see that Theorem 6 tells us that the function there is

integrable. With Example 2 on the other hand we see that the function in question is
not integrable.

Continued on the next page



Theorem 7 Qbf+ ngE Qb(f+g) and *Qbf +*ng3*(§(f+g).

Proof For any interval in a subdivision we have
m;(f)+m;(g) £ my(f +g). click here for details
So for any subdivision a we have
s(a,f)+s(a,g)£s(a, f +9).

We cannot simply take the supremum of each term on the left hand side, since
sup(A) +sup(B) can sometimes be greater than sup(AA B).

The argument is more subtle, and uses property (b) of the supremum, as follows.

For any e > 0O there exist subdivisions b and g such that
b b
s(b, f)> Qf - ¢/2 and s(g,g)> (‘)g- e/2.
We now let a be the subdivision obtained by including all the points from b and g, so

s(@a, f)3 s(b,f) and s(a,g)3 s(g,9).
Combining the three sets of inequalities above gives

*(‘5f+*(‘59- e<s(a,f)+s(a,g)£s(a,f +g)£*(‘5(f +0).

Thisistruefor al e> 0 and so

b
\

b b
*Qf +*Qg£*Q(f +g).

Exercise 4  Prove the result for upper integrals.

Click here to see a solution

b b b
Corollary  If f and g areintegrable, soisf + g, and Q(f +g)= Qf +Qg.

10



Classes of integrable functions: continuous and monotonic

So far we have come across conditions for integrability, but have not established any
classes of integrable functions. In the next section we consider the lower integra as a
function of its upper limit and use the results to prove that continuous functions are
integrable. In the next two theorems we shall use the notation

X
F(x) = (‘? f(t)dt.
Theorem 8  F(x) iscontinuousin [a,b].
Proof Let ¢ and c+h both be numbersin [a,b], where h > 0. We then have

c+h

F(c+h)- F(c)z*@;h-*éf =0

Using Theorem 2 enables us to deduce that mh £ F(c+h)- F(c) £ Mh,using the

notation introduced at the beginning of this topic, where we restricted discussion to the
integration of bounded functions. It follows that hl(!)rg F(c+h)- F(c)=0.
+

Exercise 5 Prove the analogous result for the case h < 0. Both results together show
that F is continuous.

Click here to see a solution

Theorem 9 If f is continuous a c1 (a,b) then F is differentiable at ¢, and

F&c) = f(c).

Proof Let e be an arbitrary positive number. Because f is continuous at ¢
thereisanumber d>0suchthatfor c- dEt£c+d, f(c)- e< f(t)< f(c)+e.

Using these bounds and the result of Theorem 2 tellsusthat for 0<h <d,
F(c+h)- F(c)

. -
Hence the result. Asin Theorem 8 the case where h is negative is | eft as an exercise.

(f(c)- eh<F(c+h)- F(c)<(f(c)+e)h, i.e

f(c)|<e.

Exercise 6  Provetheresults of the last two theorems for the upper integral.
Click here to see asolution

Continued on the next page
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Theorem 10 If f isbounded in [a,b] and continuousin (a,b) thenf isintegrable.

* \X \X . . . . . .
Proof Let G(x)= Qf - Qf' G iscontinuous in [a,b] and differentiable in

(a,b). Hence, by the Mean Vaue Theorem, there is a number ¢ 1 (a,b) for which
G(b)- G(a)=G¢c)(b- a). But G&€c)=0 and G(a)=0. Thus G(b) =0 and so

* \b \b . . .
Qf - Qf =0, i.e. f isintegrable.

Theorem 11 If f hasafinite number of discontinuities then it is integrable.

Proof (outline) We need the result that if f is integrable over [a,b] and over [b,c]
then f isintegrable over [a,c]. We then split the interval at the discontinuities and use
the last theorem in each separate interval.

Click here for a detailed proof

Theorem 12 If f isincreasing on [a,b] then f isintegrable.

Proof Let a be the subdivison obtained by dividing [a,b] into n equal
subintervals.

Sofori=12,...,n, (X- xi.1)=(b- a)/n.
Sincef isincreasing, m; = f(X;.1); M; = f(x;).

Calculating the upper and lower sums gives

S(a)- s(a) = a M. 3@7""3 3 m,gé’Tag
i=1 i=1
=228 (F0)- k)
i=1
b_

(f(b)- f(a))<e

provided n is sufficiently large. Hence the result, by Theorem 6.

Note Thisresult is true irrespective of the discontinuities of f .

Continued on the next page
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Theorem 13 If f and g areintegrable soisfg.
Proof We first provethat f? isintegrable. Sincef isbounded
$M," x 1 [a,b],|f () £ M.
f2(x)- f2(xd)‘:|f(x)+f(x<])||f(x)- f(x® £2M[f(x)- f(xq,
sofori=12,...,n, M;(f2)- m(f2)£2M(M;(f)- m(f)).
Thus S(a, f2)- s(a, f?)£2M(S(a, ) - s(a, f)).

Since the function f s integrable we can choose the subdivison a so that
S(a, f)- s(a, f)<e/2M. So f?isintegrable.

To prove that fg isintegrable we use the identity fg :%((f +q)2- (f - g)z).
b b
Theorem 14 If f isintegrable,sois|f|,and‘c‘)f ‘£Q|f|
Proof "X, X (X 1) O] - [F(XQ|E]F(x)- F(XQ £ M;(F)- mi(f).
So M;(|f])- mi(|f]) £ M;(F)- m(f),

and hence S(a,|f|)- s(a,|f[) £S(a, f)- s(a, f).

Now because f isintegrable we can choose a so that S(a, f)- s(a, f) <e, and the
result follows.

Finally - |f (0| £ () £[f (0] foralx, so - Qf| £Qf £Qf]. i.e.‘éf‘£§)|f|.

13



Integrability using sequences of subdivisions |

Theorem 15 Letf beafunction bounded on [a,b]. Suppose that there is a sequence
of subdivisions (a ) of [a,b] and anumber K such that

S(a,)® Kand s(a,)® Kasn® ¥.

b
Thenf isintegrable and Qf =K.

Proof

(a) Wefirst give aproof that f isintegrable, as an illustration of the use of Theorem 6.
This proof will in fact be superseded by (b) below, which establishes integrability and
the value of the integral together.

We note that the conditions on the two sums imply that S(a,)- s(a,)® O, i.e
"e>0,3N,"n3 N,S(a,)- s(a,)<e.
Theorem 6 then implies integrability.

(b) We use part of the limit definitions applied to the upper and lower sums.

"e>0,$M," n3 M,S(a,)<K +e.
Hence inf(S(a)) £ K. Also

"e>0,$T,"n3 T,s(a,)>K- e.
Hence sup(s(a))® K. Using these inequalities we have

\b *\b .
K Ewp(s(a)):*qf £ Qf =inf(S(a)) £ K.

So we have equality throughout, proving the result.

An example of the application of this theorem is on the next page

14



Example 3 Let f(x)=x3forx1 [L2]. We consider the subdivision of this interval
a,=@xx2...,x"=2), i.e. wherex = V2. Wethen have

m, :(xi'l)3 and M, :(xi)3, S0

s(ap) = é (x"1)3(xi - xi'l);

{ (4P )

We now evauate the lower sum, which involves GPs.

S(ap) = &

i=1

n
o) . o) . n- 14 n-1g
s(@ay)=q x"3- g x** :x§+ x4+x8+...+(x4) %- §+ x4+x8+...+(x4) 0

P2}
1=1 1=1
.10 £ yn_q O 16- 1 15
= -1 +:(; = ® — ® ¥.
(x )g x*-1g g(x+1)(x2 +1)5 (Q/§+1)(Q/Z+1) 4 asn

A similar calculation, left to the reader, shows that S(a,,) has the same limit. Hence
x3 isintegrable over [1,2] with value 15/4. Click here for the details

15



Integrability using sequences of subdivisions 11
Theorem 16 Let f be a function bounded on [a,b], whose upper integra is K.
Suppose that (a,) is asequence of subdivisions of [a,b] having the property that the

length of the largest subinterval of a, tendstozeroas n® ¥ .
Then S(a,)® Kasn® ¥.

Proof Note: This is probably the most analytically complex proof in this
section of the course.

Given e > 0, there is a subdivision b of [a,b] satisfying S(b) <K +e/2. Let p be the
number of sub-intervals (so that b consists of the pointsa, b and p - 1 other points.

Given h > 0, thereis an integer N such that for al n3 N the length of the largest sub-
interval of a ,islessthan h.

Now let g be the subdivision obtained by adding the points of b to those of a .
We can write a,, = (a = Xg, X1, X9,..., X, = D).

Using the notation of Theorem 3, if apoint ¢ from b is added in the interval (X;. 1, X;)
then a contribution of M;(X; - x;.1) to S(a,,) isreplaced by acontribution to S(g) of
M;"(x; - ¢)+ M;'(c- x;.1). Thedifference between these contributionsis

Mi(Xj - Xj-1) - M;"(Xi - ¢)- M;'(c- Xi_1)
£ M(X; - Xj-1)- m(x; - ¢)- m(Cc- Xj_q)
=(M - m)(X; - Xj-1) £(M - m)h.

Thereareat most p - 1 subintervals of a ,in which this can happen, and so
0£S(an)- S() £(p- D(M - mh <e/2 provided h <e/(2(p - (M - m)).
We therefore have, for all n > N,

KES(a,)<S(g)+e/2£S(b)+e/2<K +e.
Hence the result.

Exercise 7 Prove an analogous result for lower sums and lower integrals.
Click here to see asolution

Corollary If we know that f isintegrable, then the above result and that of the
exercise apply with K equal to the value of the integral.

In order to apply this result we need the following theorem.

16



The Fundamental Theorem of Calculus: Proof, and an example
Theorem 17 The Fundamental Theorem of Calculus
. . \b
If f¢isintegrable over [a,b] then Qf¢: f(b)- f(a).
Proof Let a be asubdivision of [a,b]. By the Mean Value Theorem there is a
number ¢, satisfying f(x;)- f(x;.1) = f&€c;)(X; - X;.1)-
Summing over | gives
n n
o] o]
a f&e)xi - xi.)=a (fx)- f(xi.0) = f(b)- f(a).

i=1 i=1

Therefore s(a, fQ £ f(b)- f(a)£S(a, 9§, so*(‘})fd:E f(b)- f(a)£*(‘5f¢

But f ¢isintegrable and so we have equality throughout.

The above result can be used to evaluate limits involving sums.
Example4  Find lim (1% +25+...+n%)/n®.
n® ¥

5 0.5
(15 +25+...+n%)/n® _1cedo” a0 +...+§‘%

n %nﬂ ng

1
This is an upper sum for QxS, witha,, :(O%%%) i.e. x; =L. With this

i
-
\5 c? -\5
subdivision we have M; = (x?) :(ﬁ) , 0S(an)=Qq (ﬁ) % Now the function x° is
i=1
continuous and therefore integrable, so

1

lim S(a,) = (\91"5 =[§] =

ne® ¥ 0

ol

17



Solution for Exercise 1

Definition 1 A set S of real numbersis said to be bounded below if
$HT R,"x1T S,x3 H.

Any such H is said to be a lower bound for S.

Definition 2 Given aset S, bounded above, a number G is said to be a greatest lower
bound, or infimum, of S if

(a) G isalower bound for S, and
(b) "e>0,$x1 S,x<G +e.

It can be shown that when a set has a supremum, it is unique. We write G = inf(S).
On the number line we have the following picture:

some possible values for H G G+e

S may have several components

X—>

18



Solution for Exercise 2

Fori=1....n, mE£€M; £ M,ands0
3 3 3
a m(Xi - Xi-1)£ a Mi(Xi - Xi-1)£ a M(Xi - Xi-l)’
i=1 i=1 i=1

All the terms in the left hand sum have m as a common factor, and so the sum can be
written as

3
ma (Xi - Xi-l) =M(X - Xg+Xp - Xp+Xz= Xo + 00+ Xy - Xy_q)-
i=1
The right hand side cancelsto give m(x,, - Xg) = m(b - a).

Another way of arriving at this result is to redlise that we are smply summing the
length of all the sub-intervals, giving the total length of theinterval, i.e.,, b- a.

Dealing with the top right hand sum in the same way finally gives the result
m(b-a)£S(a) £ M(b- a)

for upper sums.

19



Solution for Exercise 3
* \b * <C * <C
Theorem If a<b<c then qf+ Qf:qf.

Proof Let a,,a, betwo arbitrary subdivisions of [a,b] and [b,c] respectively.

Together they form a subdivision a of [a,c], and we have

S(ay) +S(a,) = S(a)3*(‘§f .
[Here we shall give amore detailed argument than in the proof of Theorem 4.]

* C
S(aq)? qf - S(a,).
Thisistruefor all a,, so the RHSisslower bound for the set of all upper sums over

* . * \b * ! .
[a,c]. Hence inf{S(a,)}? qcf - S(ay). ie, "Qf qcf - S(a,), which we can

% o « b
rewriteas S(a,) 3 qcf - qf.

* C

.o « b :
Thisistruefor al a,, soasimilar argument shows that ch 3 qf - qf, which
gives

b C <
*qf+*qf£*qf.

Now let b be an arbitrary subdivision of [a,c], and let g be the subdivision formed by
adding the point b. Then g splits into two subdivisons gq,9,0f [a,b] and [b,c]
respectively, giving

S(b)* S(d) =5(g) +S(g) * QT +' Q-

Sincethisistruefor adl b, we have

* D * C * L

Qf+ Qfﬁ Qf.

Hence we deduce equality.

20



Solution for Exercise 4

P IR B
To prove that qf+ qg3 q(f+g).

Proof For any interval in a subdivision we have
M;(f)+ M;(g)3 M;(f +g). click here for details
Multiplying by (x; - X;.4) and summing gives

a Mi(F)0% - x.0)+a M@ - %.1)° & M(f +g)(x - . 1),

i=1 i=1 i=1

ie.,
S(a,f)+S(a,g)® S(a,f +9). (A)

The upper integra is the infimum of the set of upper sums, and so we use the definition
of the infimum, asfollows:

For any e > 0 there exist subdivisions b and g such that
* \b * \b
S(b,f)< Qf +&/2 and S(g9) < Q9 +€/2. (B)
We now let a be the subdivision obtained by including all the points from b and g, so

S(a,f)£S(b,f) and S(a,g) £ S(g,9). ©

Combining the three sets of inequalities (A), (B), (C) above gives

"Qf+'Qo+e> S, f)+5(,0)° S, +9)*"Qf +9).

Thisistruefor al e> 0 and so

*\b *\b *\b
Qf+'Qu® Q(f +0).

21



Theorem  Letf andg betwo bounded functions on an interval [a,b]. Then

(@ m(f)+m(g) £ m(f +g)
(b) M(f)+M(g)® M(f +g)

Proof
(@ Foral xT [a,b], f(x)+g(x)=(f +g)(x).
Now f(x)* m(f)andg(x)* m(g), so m(f)+m(g) £ (f +g)(x).

thisistruefor al x 1 [a,b], so m(f)+m(g) isalower bound for the set of all vaues
of (f +g)(x) where x1 [a,b].

Hence m(f)+m(g) £ m(f +g).
(b) Again from the equation f (x) +g(x) = (f +g)(x) we deduce that
M(f)+M(g)23 (f +g)(x) foral xT [a,b].

So M(f)+ M(g) isan upper bound for the set of al valuesof (f +g)(x) where
x 1 [a,b].

Hence M(f)+M(g) 3 M(f +g).

22



Solution for Exercise 5

Let c and ¢ + h both be numbersin theinterval [a,b], where h < 0. We then have

<t+h

F(c+h)- F(c) :*Qf
Theorem 2 then tells us that

<C f
i *Q+h '

N\

m(c- (c+h))£*QC+hf £ M(c- (c+h)),

ie.,
i mh£*(‘5+hf £ - Mh,
and so
Mh £-*(‘5+hf £ mh,
ie,
Mh £F(c +h)- F(c) £ mh.
We deducethat _lim (F(c+h)- F(c)) = 0.
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Solution for Exercise 6

We shall use the notation
G(x) =*Qxf (t)dt.
Theorem G(x) iscontinuousin [a,b].

Proof Let ¢ and c+h both be numbersin [a,b], where h > 0. We then have

% €*h

G(c+h)- G(c)z*q“fh- gr="af"

Using Theorem 2 enables us to deduce that mh £ G(c +h) - G(c) £ Mh,using the

notation introduced at the beginning of this topic, where we restricted discussion to the
integration of bounded functions.

It followsthat lim G(c+h)- G(c) =0.
h® 0+

The argument for h <0 isexactly smilar to that used for lower integrals
(click here to see the details for lower integrals)

Theorem If fis continuous a c1 (a,b) then G is differentiable at ¢, and
G&c) = f(c).
Proof Let e be an arbitrary positive number. Because f is continuous at ¢

thereisanumber d>0suchthatfor c- dEt£c+d, f(c)- e< f(t)< f(c)+e.
Using these bounds and the result of Theorem 2 tellsusthat for 0<h <d,

G(c+h)- G(c)
h

(f(c)- eh<G(c+h)- G)<(f(c) +e)h, i.e ‘ - f(0)| <e.

Hence theresult. Asin Theorem 8 the case where h is negative is |eft as an exercise.
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Solution for Exercise 7
Theorem Let f be a function bounded on [a,b], whose lower integral is H.
Suppose that (a,) is asequence of subdivisions of [a,b] having the property that the

length of the largest subinterval of a, tendstozeroas n® ¥ .
Then s(a,,)® Hasn® ¥.

Proof
Given e > 0, there is a subdivision b of [a,b] satisfying s(b) >H - e/2. Let p be the

number of sub-intervals (so that b consists of the pointsa, b and p - 1 other points).

Given h > 0, thereis an integer N such that for al n3 N the length of the largest sub-
interval of a ,islessthan h.

Now let g be the subdivision obtained by adding the points of b to those of a .
We can write a,, = (a = Xg, X1, X2,..., X, = D).

Using the notation of Theorem 3, if apoint ¢ from b is added in the interval (X;. 1, X;)
then a contribution of m;(x; - x;_;) tos(a,,) is replaced by a contribution to s(g) of
m"(x - ¢)+m'(c- X.1). Thedifference between these contributionsis

m" (X - €) +m'(c- Xi.q) - Mi(X - X 1)
£ M(x - c)+ M(c- X_1) - m(X - X;_q)
= (M- m)(X - X.9) £(M- m)h.

Thereareat most p - 1 subintervals of a, in which this can happen, and so
0£5(g) - s(ay) £ (p- (M - m)h <e/2 provided h < e/(2(p- (M - m)).
We therefore have, for all n > N,

H3 s(a,)>s(g)- e/23 s(b)- e/2>H- e
Hence the resullt.
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Detailed Proof of Theorem 11

Theorem If a<b<candiff isintegrable over [a,b] and over [b,c] thenf is
integrable over [a,c].

Proof We use necessary and sufficient condition for integrability from Theorem 6.
Given e > 0 thereisasubdivision a of [a,b] and a subdivision b of [b,c] such that
S(a)- s(a)<e/2 and S(b)- s(b) <e/2.
Adding these two inequalities gives
S(@)+S()- (s(a)- s(h)) <e.

Now the points of subdivision a and the points of b together form a subdivision g of
[a,c] for which

S(9) =S(a)+S(b) and s(g) =s(a)+s(b).
Therefore
S(9)- s(g)<e

and hencef isintegrable over [a,c].

Corollary

If a=ty<t;<t,<---<t,=bandif f isintegrable over [t;_;,t;];1=12,---,n thenf
isintegrable over [a,b].

Proof Use the result of the theorem, and induction on n.

Theorem 11

If abounded function f has afinite number of discontinuitiesin [a,b] thenitis

integrable over [a,b].

Proof
Suppose that the discontinuities are at the points tg,t;,t5,---t,_1, where
a:t0<t1<t2 <"'<tn_1<tn =bh.

Thenfori=1,2, ...,n, f isboundedon [t;_4,t] and continuousin (t;_4,t;).

Thereforef isintegrable over [t;_4,t;]; 1 =1,2,---,n and therefore by the corollary is
integrable over [a,b].
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Calculations for the upper sum for Example 3

Let f(x)=x>forx1[L2]. We consider the subdivison of

a,=@xx2...,x"=2), i.e. wherex = V2. Wethen have

m, :(xi'l)3 and M, :(xi)3, S0

=4 ()

i=1

swn=4 (-

n

We now evaluate the upper sum, which involves GPs.

S(an):§x4i-§x x4gi+x +x8+.. +( ) +- x3gi+x +x8+.. +(x4)

i=1 i=1
~ -16 & o1 0 wgue- 1)
e I g T e g e ()
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